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Abstract. We define the Chern map from the Grothendieck group of a linear category C to the de 
Rham cohomology of C with coefficients in a DG-category Q* . In order to achieve our goal, we define 
the notion of connection on a C-module, and we show that the trace of the curvature of a connection 
is a de Rham cocycle, whose cohomology class does not depend on the choice of the connection. 



Introduction 

The classical Chern character is a morphism from the /^o-theory group of a manifold to its de Rham 
cohomology groups. In his work on the foliations of a manifold, Alain Connes extended the construction 
of the Chern character to show that there is a pairing between the Grothendieck group Ko{A) of the 
Banach algebra A associated to a foliation and the cyclic cohomology A, which replaces de Rham 
cohomology in Noncommutative Geometry ; see |Co| . In |Ka| . the definition of the Chern map was 
extended to Kn{A), the higher i^-theory groups of A. The method used in loc. cit. is purely algebraic, 
working for any finitely generated projective module over a, not necessarily commutative, algebra A. 
Sec also |Lo[ Chapter 8]. 

Linear categories were defined and investigated in the seminal paper }Mi| . Since their appearance, 
they have been used as a very important tool not only in algebra, but in many other fields, including 
algebraic topology, logic, computer science, etc. 

In this paper, proceeding as in jKa| . we define a Chern map from the Grothendieck group Ko{C) of 
a linear category C to the de Rham cohomology of C. For, we recall the definition of linear categories 
and their basic properties in the first section of the paper. In this part, we also recall some homological 
properties of the category of (right) modules over a linear category, and show that the Hattori-Stallings 
trace map can be defined for any finitely generated projective module over a linear category. 

In the second section we deal with connections on a finitely generated right C-module M. As an 
example, we introduce the Levi-Civita connection on a finitely generated projective module. We are 
also able to describe all connections on a finitely generated free C-module. In the last part of this 
section, we define the curvature of a connection and we compute it for the above mentioned examples 
of connections. 

In the third section we define the de Rham cohomology of a linear category C, with respect to a 
Z?G-catcgory 57* such that = C. We prove that the trace of the curvature of a connection V on a 
finitely generated projective C-module M is a de Rham 2g-cocycle Ch''(A/, V). We also show that the 
de Rham cohomology class of Ch''(M, V) does not depend on the choice of the connection V on M. 
We shall denote this cohomology class by Ch''(M). In particular we deduce our main result, stating 
that [M] t— !> Ch^(M) defines a morphism from the Grothendieck group A'o(C) of C to the dc Rham 
cohomology of C with coefficients in 51* . 

1. Preliminaries 

In this section we recall the definitions of the notions that we work with. Throughout, k will denote 
a commutative field. The tensor product over k will be denoted by 0. 
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1.1. k-linear categories. A category C is called k-linear if every hom-set in C is a k-linear space and 
the composition maps in C are bilinear. We shall denote the space of morphisms from x to y by yCx, so 
the composition map can be seen as a linear transformation from ^Cy ® yCz to xCz, for any objects x, y 
and z in C. In this paper C will always denote a small linear category. Thus Co, the class of objects in 
C, is a set. 

A functor F : C — > V between linear categories is k-linear if the corresponding map from ^Cy to 
p(^x)^F(y) is k-lincar, for any objects x and y in Cq. 

1.2. Examples of k-linear categories. Of course the category of k-linear spaces is the prototype of 
k-linear categories. Other examples arc listed below. 

(1) Let C be a given k-linear category. The opposite category of C is also a linear category. Recall 
that C and have the same objects, while x{C°^)y — yCx- If wc denote the composition in 0°^ 
by •, then f • g = go f for any g S xCy and / G yC^. 

(2) Let C and V be two k-lincar categories. The tensor product C K P is the k-lincar category: 

(a) With the set of objects {C MV)^ ^ CqxVo; 

(b) The space of morphisms (^x.y){C ^T^)(^x' y') ~ x^^' ® v'^v'^ (2^1 J/) ^-nd {x\y') in 
Co X Vo. 

The composition in C H 2? is defined by 

if® 9)0 (/'®g') = (/°/')®(.9°.9'), 

for any f CSi g E xCy ^ x'T^y', and f ® g' G yCz ® y'2?z'. In particular, for a linear category C, 
one defines its enveloping category by := C Kl . 

(3) The category of left C-modules is a k-lincar category. By definition, a left C-module is a covariant 
linear functor from C to k-Mod. It is easy to see that a C-module M is a family {xM}xeCo of 
linear spaces, together with maps • : xCy ® yM — > xM such that 

Iz ■ m ~ m and f ■ {g ■ iti) = { f ° g) ■ m, 

for any m G 2 A/ and for any / G xCy and g G yCz- A morphism of C-modules u : AI ^ N is 
a natural transformation between the corresponding functors. Equivalcntly, a morphism u as 
above is given by a family {xu}x£Co of k-lincar maps xU : xM — > xN such that, for all / G yCx 
and m G xM we have 

yu{J -m) = f ■ xu{m). 

The category Mod-C of right C-modules is defined similarly. 

(4) The category C- Mod-C of C-bimodules will play an important role in our paper. By definition, a 
C-bimodule is a left C M C°^-module. Therefore, a bimodule M is a family {xMy^x,y£Co: endowed 
with maps • : xCy ® y^z — > x^Iz and ■ : x^y ® yCz — > xMz- By definition, for any y G Co, 
the family tMy := {xMy}x^Co is a left module with respect to the former maps. Similarly, for 
any x G Co the family xM» := {xMy}y^Co is a right module with respect to the latter maps. In 
addition, these module structures are compatible in the sense that, for any m G yM^, and any 
morphisms / G xCy and g G zCt, we have 

if -m) ■ g = f ■ {m- g). 

A morphism of bimodules u : M N is given by a family {xUy}x.y£Co of k-linear transformations 
xUy : xMy — > xNy, whlch for to, / and g as above verify the relation 

xUtif -m- g):^ f ■ yUz{m) ■ g. 

It is well-known that C-Mod has enough injective objects, for any linear category C. In C-Mod there 
are enough projective objects as well. Clearly, Mod-C and C-Mod-C also have the above properties, since 
they can be regarded as categories of left modules over C°p and C Kl C°^, respectively. 
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1.3. The tensor product of two (bi) modules. Let C be a linear category. We assume that M is 
a right C-module and that is a left C-module. The vector space M ®c N is defined as the quotient 
of ©zeCo i^z ® zN) through the linear subspace generated by the elements m-f®n — m®f-n, for 
arbitrary m € M„, / G uCv and n € yN. The class of m eg) n S M„ „iV in the quotient linear space 
M N will be denoted by m C^c n. These tensor monomials generate M ®c as a vector space. 

Now one can define the tensor product of two bimodules X and Y as follows. For x and y in Cq wc 
know that ^X, is a a right module and that ,Yy is left module. Thus the tensor product 3:X, ®c »Yy 
makes sense. By definition X (E)cY is the bimodulc whose components are the vector spaces 

^{X (g)C Y)y X,(g>C ,Yy. 

The bimodulc structure on X (E)c Y is induced by the left action on X and the right action on Y. 

Note that the category C-Mod-C is a monoidal category with respect to the tensor product of C- 
bimodules. Its unit object is the bimodule C. In C-Mod-C there are arbitrary coproducts, and it is easy 
to see that the tensor product C^c is distributive over coproducts. 

1.4. Exemples of C-bimodules. By definition, C (8) C is the C-bimodule whose components are the 
vector spaces 

.{C(^C)y = © (xC. ®.Cy). 

zeCo 

The left and right actions are induced by the composition in C. Thus the bimodule structure is defined 
by the relation 

/'•(.9"')-/" = (/'°9')®(.9"°/"), 

where /', /", g' and g" are arbitrary morphisms in C such that /' o g' and g" o /" make sense. One can 
prove easily that C ® C is projective as a C-bimodule. 

Another example of C-bimodule is C itself. Its components are the linear spaces xCy and the actions 
are defined by the composition in C. Therefore, for any object x in C we can consider the right C-module 
xC,. In view of the remarks from the previous subsection, for any family X := {xi}i^i of objects in Co, 
we can consider the coproduct C(I) := (Bi^ixiC, in the category of right C-modules. Of course, a similar 
coproduct exists in the category of left C-modules. 

1.5. Finitely generated projective C-modules and the trace map. We fix, as before, a k-linear 
category C. Let M be a right C-module. By definition, M is finitely generated if there is a finite family 
I := {xi}ig/ of objects in C such that M is a quotient of C(I). Equivalently, there is a set {m,;}jgj, 
with TTij G Mxi , such that any m € Mx can be written as a linear combination 

m = J2 'n^i ■ fi^ (1) 
iei 

for some ft G xiCx- If, in addition, M is projective then the canonical projection from C{I) to M has 
a section in Mod-C. Therefore M is a direct summand of C(I). The converse also holds, as C(I) is a 
finitely generated projective right C-module, for any finite family I of objects in C. 

From the above characterization we deduce that (M, •) is a finitely generated projective right C- 
module if and only if there are dual bases {mi}i^i and {(p^}i<=i on M. By definition, I :~ {x^jig/ is a 
finite family of objects, 6 Mx^ and ip^ : M ^ xiC, is a morphism of right C-modulcs, for all i £ I. 
We shall denote the components of ip'^ by (pi,. : Mx xfix- In addition, for any m G Mx, the following 
relation holds 

m=Y.m,-ipl.{m). (2) 
Using the existence of dual bases for finitely generated projective C-modules, one proves that 

Home (M, M) ^ M ®c M* , (3) 
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where M* is the dual of M. By definition, M* is a left C-module, and its components are the linear 
spaces xM* := Homc(M, j;C,). If = {^y\y^Co is a morphism of right C-modules from M to xC, and 
/ G j/Ca;, then the component (/ • Lp)^ : Mz — > yCz of / • G maps m G 7\jf, to / • ipz{m). 

As in the case of k-algebras, we can speak about the commutator [/, g] of two morphisms / G xCy 
and g G yCx- By definition, [f,g]:^fog-gof is an element in ®z£CozCz- Let Cab denote the quotient 
vector space of (Bz^CozCz through the subspace [C,C] spanned by all commutators in C. The class of 
/ G xCx in Cab will be denoted by / + [C, C]. 

If M is a right C-module, then the evaluation map evM '■ M (E)c M* — > Cab is uniquely defined by 

evMim (E)c Vxi^) + [C,C], 

for any morphism of right C-modules Lp = \sPy\y^Co h^ x^l* and m G Mx- 

We can now define the Hattori-Stallings trace map Itm ■ Homc(A/, Af) — > Cab, for any finitely 
generated projective right C-module M, as being the composition of the evaluation map evM with 
the isomorphism ([3]). Therefore, if {mi}zei and {^''}zei arc finite dual bases on M, and u := {ux}xgCo 
is an endomorphism of M, then 

trA/(u) = E (/p^^(M,,(m,)) + [C,C]. (4) 

is/ 

Note that the formula for trA/(w) docs not depend on the choice of the dual bases. Furthermore, if 
V : N ^ M and w : M ~^ N arc morphisms between two finitely generated projective right C-modules, 
then by using (j?]) one can easily see that tT]\j{v o w) = trjv(u) o w). 

2. Connections. The curvature of a connection. 

In this section we introduce the main tools that we need for the construction of the Chern map. We 
start by recalling the definition of Z?G-categories, which explicitly appear in the definition of connections. 

2.1. DG-categories. We say that a category ft* is graded if every hom-space is endowed with a 
decomposition ^fi* = (Bn>Ox^y such that f og £ 2.17"+™, for any / G x^y and g G yf^™. For simplicity, 
the composition of two forms in a Z?G-category fi* will be denoted by concatenation, that is a;o(^ = lu(^. 

A differential d* on il* is a family of linear maps xdy : x^y x^y~^^ such that xdy'^^ o xdy = and 

xd:+"\u;c) - xd^^Hc + {-ircoydTio, (5) 

for u! G x^y and ( G y^^- We refer to the relation ([5]) saying that d* satisfies the (graded) Leibniz rule. 

Recall that a _DG-catcgory is a couple {il*,d*), with f2* a graded category and d* a differential on 
f2*. If {il*,d*) is a _DG-catcgory, then the vector spaces {x^y} ^ y^^^, define a subcategory of ft*. 
Moreover, for every n G N, the family := |^f2J^}_^ ^^j.^, has a natural structure of fi^-bimodule. 

An element w G x^y will be called a differential form in il* from ?/ to x of degree n. The degree of w 
will also be denoted by \uj\ and, if there is no danger of confusion, we shall write dui instead of xdy{uj). 

2.2. Connections. Let M be a finitely generated right module over a linear category C. We fix a 
Z?G-category {ft* , d*) such that O*' = C. Since is a C-bimodule, the tensor product M (g)c makes 
sense for any .t G Co. 

By definition, a connection \7 : M ^ M (^c on M (with respect to il*) is a family {V^jxeCo of 
k-linear maps : Mx M ®c m^x such that, for all m G Mx and / G xCy, 

Vy (m-f)^ Vx (m) -f + m ®c d/- (6) 

By assumption, there is a finite set {fni}^^j of generators for M, with G Mx^ for some 0;^ G Cq. In 
view of equation the connection V is uniquely determined by the elements Xij G xi^x- such that 

'^xiirrii) = J2 "^3 ®c Aji. (7) 
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Indeed, if m e M^, then there is {fi}iei in C{T)^ such that the relation ([TJ holds. Thus, 

^x{m) = '^i®C K]fj +J2'>TT-i'^c dfi. (8) 
ijei iei 

We shall denote the matrix {Xij)ij^j by A. 

In the following lemma we give two methods for constructing new connections. 

Lemma 2.3. Let (f2*,d*) be a DG-category such that 17° ~ C. 

(i) Let Vp : Mp — > Mp ®c be a connection on Mp, where p G {1,2}. There exists a unique 
connection Vi © V2 on Mi ® A/2 such that the diagram below is commutative for any p G {1, 2}. 

Ml © Af2 ^i^' (Ml © A/2) (8)c 



M, 



(ii) A connection V : A/ — > A/ (E)c induces a connection on every direct summand N of M . 

Proof. Let us sketch the proof of the first part of the lemma. The details are left to the reader. Let rup 
be an element in {Mp)^ , where p G {1,2}. Then 

for some rupj G (A/p)^ and ujpj G yj^x- We now define the connection Vi © V2 by 

(Vi © V2)^ (7711,7712) = X)"=Li ("^ii,0) ®c + E"=i (0, "i2j) (g)c W2j. 

To prove the second part of the lemma, we choose a morphism tt : M ^ N in Mod-C which has a section 
a : N M in this category. Then, for an object x in C, we define : ^ N (^c by 

= (tt ©c Idoic)x o Vj; o cr^E. 

It is easy to see that V' :— {^x}x£Co is a connection on N. □ 

2.4. Examples of connections. We start by describing all connections on the right module C{I), 
where X :~ {xi}i(^i is a finite family of objects in C. Clearly, {ei}^^j is a set of generators for A/, where 
Ci G C{I)^, is the family {dijlxi}ji£i- Here Sij denotes the Kronecker symbol. Hence, for an element 
{ftjiei in C{I)^, we get 

^xi{f^}^eI) = V,(E • /,) = E ©c A,,/, + E ©c rf/., (9) 
iei i,jei iei 

where Ay G xi^],;-- Conversely, if A :~ (Xij)ij^j is an arbitrary matrix of differential forms of degree 1 
such that Xij G xi^x^, then ^ defines a connection on C{I). In particular, if A = 0, then 

V.({/.}.6/) = Ee»©cd/» (10) 

defines a connection on C(T). 

Another important example is the Levi-Civita connection, which is defined on a finitely generated 
projective module M. Let {mi}i^j and {(p*}ig/ be dual bases on M. Recall that 771^ G M^^ and is a 
linear map from M to xfim- If Ux ■ is the application 

<^x{m) = {ip'^{m)] , 

then (7 = {o'x}£c6Co is a morphism in Alod-C. Aloreover, cr is a section of the morphism tt : C{X) M 
whose component -Kx maps {/i}ig/ G C{T)^ to X^ie/ ' Thus A/ can be regarded via tt and cr as a 
direct summand of C{T). By the second part of the preceding lemma, the connection on C{I) given by 
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the equation ([TU)) induces a connection V on M. We call V the Levi-Civita connection on M. For 
every m G we have 

V^^(m) = E"^.®crf¥'U™)- (11) 

2.5. The curvature of a connection. We fix a connection V : M — ;> M ®c 51^ on a finitely generated 
right C-module M . Our goal is to extend V to an endomorphism i?(V) of degree 2 of the graded 
r2*-module M®c^*- First, for n > and x G Cq, we define V" : (M ®c ^'")x ^ (M ®c by 

V"(m ®c 1^) := Vj;(7Ti) ■ a; + (-l)"rn (8)c dw. 

In the above defining relation m and uj are elements in My and yJl", respectively. By equation it 
easily follows that V" is well defined, that is 

for any m (g) / (g) C S Mj, ® 0^57". Since d* satisfies the Leibniz rule, wc get 

for all m®u:®C, € My (S) ■ Now it is not difficult to prove that the family i?(V) — {R{'^)x}xeCo 
defines a morphism of graded right rj*-modules, where 

i?"(V), : (M ®c ^")x ^ {M ®c i?"(V). = V;'+i o v;\ 

We shall say that i?(V) is the curvature of V. 

Note that M^ can be identified with (M (^c via the map m H- m (8)c Ix- On the other hand, if 
{mi}i^j is a set of generators of M, such that rrii belongs to a certain M^^, then M fl* is generated 
by <Sic ^xi }ii£i- It follows that the curvature of V in completely determined by its values at each rui. 
Using the matrix A = that corresponds to V and taking into account ([7]), we obtain 

Ri'^)xiimi) = J2 '^{rrij) ■ Xji + "b" ®c dXji = "^j ®c Xjk^ki + J2 ®c dXjt. 
Hence i?(V) satisfies the relation 

i?(Vk(m,)= E"^j«'c7j., (12) 

where = dXij + J2kei '^ikXkj- If F = then the relations that define the elements of F are 

equivalent to the matrix equation 

r = dA + A^. (13) 

For example, let be the connection on C(I) that we constructed in i i2.4l for a matrix A = (Ay)ijg/. 
Since {ei}i^j generates C(I), and the matrix corresponding to V'^ is precisely A, the curvature i?(V^) 
verifies the formula (|12p . in which one substitutes rui by e^, and F = (7^)1 jg/ is given by (jl3p . 

In a similar way one computes the curvature of the Levi-Civita connection on a finitely generated 
projective C-modulc M. If {mj}ig/ and {ip^}iei are dual bases, then by equation (jlip we have 

V^f (m,) = Y: rn, <E>c d^^rm). 

Hence, for the curvature of V'^'^, the elements of the matrix A are := dipl.irrii). Since dA = 0, we 
have F = A^. Thus, the curvature of the Levi-Civita connection verifies the equations 

i?(V)j;,(mj) = Y iTT-j ®C d(p{^{mk)dip^^{mi). 
j,kei 

2.6. The povi^ers of i?(V). Let V : M — M ®c be a connection on M. We have seen that i?(V) is 
an endomorphism of M ®c ^* of degree 2. Thus RiVY, the g"^ power of i?(V), is an endomorphism of 



ON DE RHAM COHOMOLOGY OF LINEAR CATEGORIES 



7 



degree 2q. Let A := (A^)^ be the matrix associated to V with respect to a set of generators {mi}i^j. 
By induction on q, it follows that the elements i?(V)|.(mi) G (M ^'^'^)xi are given by the relation 

where F = {jij)i,jei is defined by the formula 

For the connection associated to the matrix A = (Ay)ijg/ we have seen that F = is 
given by F = dA + A^ , so 

ii ,...,i5e/ 

Let {m,i}i^j and be dual bases on a finitely generated projective module M. For the Lcvi-Civita 

connection on M, we get 

R(y^^)l^{mi) = J2 ™n ®C '^'j^'x'^ ("^i2) ■ • ■ '^"i^2J'^'l^S'i''("^i)■ 
3. DE RHAM COHOMOLOGY AND THE ChERN MAP. 

In this section, which is the main part of our paper, we define the de Rham cohomology of a linear 
category C with coefficients in a Z?G-category ft*. Our goal is to associate to every finitely generated 
projective C-module M some de Rham cohomology classes, that will lead us to the construction of the 
Chern map. 

3.1. de Rham cohomology H*{C, ft*). We fix a k-linear category C, and we suppose that {il* , d*) is 
a ZJG-catcgory such that = C. For uj G and ^ S y^x~^ ^"-^ define the graded commutator 

[^,C] :-c.C-(-l)^("-^)Cw, (15) 

which is an element in (BxgQ* x^x- The subspace spanned by all graded commutators in Ox^n'x^x '^iH 
be denoted by [fi*, Note the usual commutator — C"^ makes sense in fi* as well. However, in a 
graded linear category, we shall always use the notation [w, Q for the graded commutator of to and 

For a DG-category {n*,d*) as above we now define 

Kb--- (e.eco-"")/[^*'f^T- 

For example, [r2*,fi*]° coincides with the subspace [C,C], used in ijl.51 to define Cat, the target of the 
Hattori-Stallings trace map. Hence, 17°^ ~ Cab- 
As a consequence of the Leibniz rule, we immediately deduce that maps commutators to commu- 
tators. Hence d" factorizes through a linear map d"^ : ri"{, — f^"^^- Obviously, the sequence 

— - n\ n\ n\ — - • • ■ 

ab ab ab ab 

is a cochain complex (fi*;,, d*;,), that will be called the de Rham complex. By definition, the de Rham 
cohomology i7|)^(C,ri*) of C with respect to the DG-category (ri*,d*) is the cohomology of (r2*j,d*t). 

3.2. The cocycles Ch*(il/, V). Our aim now is to associate certain cohomology classes in H'^p{C, il*) 
to any finitely generated projective C-modulc M which is endowed with a connection V : M — > il/Oc^l^ . 

First, we remark that the subspaces Qnefix^y" define a linear subcategory il^* of H.* , which contains 
C. The vector space (fi^*)^^ , that corresponds to the subcategory of even forms, is the quotient of the 
coproduct of the family {x^'i''} {q,x)eNxCo through the subspace spanned by the commutators of two 
even forms. On the other hand, fl^l is obtained by killing all commutators of degree 2q in (Bx^Cax^x'^ ^ 
including those that corresponds to two odd forms. Hence, (fi^*)^^ and ©g>o^^ab are not identical, but 
there is a canonical linear transformation from the former vector space to the latter one, that respects 
the canonical N-gradings, in the sense that the equivalence class of a form oj e x^x"^ is mapped to its 
equivalence class in 17^^. In conclusion, for any finitely generated projective right 0^*-module we can 
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compose the Hattori-Stalhngs trace map tr^v : Endo2.(A^) — (il^*)^^ with the above canonical map. 
We still denote the resulting map by tr^f. Throughout the remaining part of this paper we shall work 
only with this new trace map, whose codomain is ©ij>o^^ab- 

Recall that, by assumption, M is a finitely generated projective C-module. Thus, the right Q,*- 
module M ®c ^'^* has the same properties. Therefore, it makes sense to speak about the trace of its 
endomorphisms, which arc elements of ©ij>o^^a6: in view of the foregoing remarks. 

We have seen that RiyY is an endomorphism of Ad®c^* of degree 2q. Thus, it induces a homogeneous 
endomorphism of M ®c of the same degree, so we can compute its trace 

Ch'?(A/, V) :=tr,,^,o- (i?(V)') . 

We claim that 011*^(1/, V) is a 2(j'-cochain in the de Rham complex (i^af,,^*^). Let {mijig/ and {(^*}ig7 
be dual bases on M such that each belongs to a certain component M^^ - Then {m^ ®c and 
®c Ido2»}iG7 are dual bases on M ®c VP'* . Therefore, by the definition of the trace and the relation 
(fT4)) we get that 

Ch«(A/, V) = E,oe/ {^'^ ®c Ido-) (i?(V)«(™,J) + [17*, 

io,ii,...,i, = l 

In particular, our claim has been proved, as Ch*(M, V) is the class of uj''{M, V) in f2^^, where 

w«(M,V)= E <^(m,j7,^,^...7,^_^,^7,^,„. (16) 

io.il.---,iq = l 

Note that, since the trace of an endomorphism docs not depend on the choice of the dual bases on M, 
the class of ll!'^{M, V) in f2*^ is also independent of such a choice. 

On the projective and finitely generated module C{I) we take the dual bases {ei}z£i and 
The components of the morphism ip^ are the canonical projections ipl. : xiC{I)x xiCx that maps 
{/i}i6/ to fi. On Cil) we take, as usual, the connection V"^ associated to a matrix A = (Xij)ij^i, with 
Aij G xi^i- Since the matrix that corresponds to with respect to the generating set {ei}jg/ is A, 
and ^x'i-^i^ii) — ^ioAi^xi-^, the equation (|16p is equivalent in this setting to 

a.''(A/,V^)= E 7nz2---7.,_,.,7,,n' (17) 

ii,...,i,e/ 

where T = is given F = dA + A^. 

With respect to the dual bases {771^}^^/ and {(/s'jig/, the Levi-Civita connection V^'^ on a finitely 
generated projective module M has the matrix A := {dipl^. {mj))ij^i. It follows that w'^(M, V^*") satisfies 
the following equation 

io,il,---,i2q 

Theorem 3.3. Let U be a field of characteristic different of 2. // M is a finitely generated projective 
C-module and V : M — >■ M ®c is a connection on M, then Ch'^(M, V) is a 2q-cocycle in the de Rham 
complex {n*f,,d*t,). 

Proof. We have to prove that daj''(A/, V) is a sum of graded commutators. Since M is projective and 
finitely generated, there is a right C-module N such that M ® N ^ C{I), for a certain finite subset / 
of Cq. Since iV is a direct summand of C{I) wc can choose dual bases {ni}i^j and {'0*}ie/ on By 
Lemma [2731 1) ■ V © V^*^ is a connection on M © N, where V^*^ denotes the Levi-Civita connection on 
N. Obviously, 

a;«(A/, V) + uj" {N, V^^) = uj" (C(Z), V © V^^) . 

In conclusion, it is enough to show that duj'^{N, V^*^) and duj'^{C{I), V ffi V^*^) can be written as sums 
of commutators. 
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We consider first the case of tlie Levi-Civita connection on TV. For a matrix X ~ (uJij)ij^i, witfi 
ij G xi^xj ^6 define tr{X) = X^ie/^"- If ^ = {Cij)i,jei is anotlier matrix, witlr (^j G xi^^-, then 



tr(rX) = (-l)'™tr(Xr) + [17*, 17*]"+™. 
By tlie equation (|18p and tire definition of tire trace of a matrix we get 

du;'(7V, V^^) = E di,X, {m,.)dri^ (m,J • • ■ dV4?,;^ (m.^J^S^; (m,J = tr((dvl;)2«+i), 

where ^' := ('ipl.,(nj))ij^j . On the other hand, since {?T.i}ie7 and {V'^jiG/ ^^'^ dual bases we have 
"■i = ' V'xi("'s)7 i G /. Therefore, for any k £ I, we get 

These identities are equivalent to the matrix equation = ^E*^. We can now proceed as in the proof |Ka[ 
Theorem 1.19]. Namely, let H = 2* - 1. Hence = 1 and n(d*) = -((i*)n. Thus, 

= n2(d*)29+i = -n(d*)2'j+in. 

By the foregoing computations we deduce that 

da;«(TV,V^^) =tr((d*)29+i) = - tr (n(d*)29+in) = - tv {{d^f'^+^Il^) + [Q* ,n*]'^'^+\ 

Since 2 is invertible in k we conclude that dLu'^{N, V^*^) is a commutator. 

It remains to show that (iaj9(C(I), VOV^*^) is a commutator as well. Since VqV^*^ is a connection on 
C(X) there exists a matrix A ~ {Xij)ij^i, with A^j 6 xi^xj, such that V©V^'^ = V^. Let T := {'Jij)i.jei 
be the matrix T = dA + A^. By dTT]) we have 

ii,...,i,e/ 

On the other hand, by induction on q, one shows that d (F^) = F'A — AF"*. As the trace map and d* 
commute we have 

duj^%C{I),\/^) ^ tr (d(F9)) tr (F«A) - tr(AF9). 

We conclude the proof by remarking that the elements of F are all of even degree, so tr (F'^A) — tr(AF'') 
is a commutator. □ 

Our next aim is to prove that the cohomology class of Ch'^(M, V) in H^jj^{C,il*) does not depend 
on the connection V. We start by proving some preliminary results. First of all, we shall associate to a 
£>G-category {Q,*,d*) two new DG-categories rt*[t] and Q*. Recall that = C. 

3.4. The DG-category fi*[t]. By definition, the objects of n*[t] are the elements of Co, and we 
set x^"[t]y := ^ k[t]. Therefore, a morphism tu in xn"[t]y can be uniquely written as a polynomial 
u = EiLo"-^*^* with coefficients in x^y- The composition in il*[t] is given by the relation 

while the identity morphism of x in fi*[t] is l^. 6 xCx, regarded as a constant polynomial in a;r2*^[i]2;. 
The differential of f2*[t] satisfies, for any polynomial in 3;il[t]5^\ the following relation 

3.5. The _DG-category S7*. The set of objects in Q,* is Co, while is defined by 

X^y = X^ \t\y ® x^ \t\y 

Note that ^r^JJ ~ x^'^[t\y It is convenient to write an element u) in as formal sum uj = ujq + wi£. 



wr 



here ujq G a;il"[t]-y and wi G x^^" [Ay- I^ ^* the composition of morphisms is defined by the formula 
(wo + wie) o (Co + Ci£) = (woCo) + ('^oCi + (-l)l'^''lwiCo), 
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and we take the identity of x in ^ilj to be 1^ + Oe. For + wi£ G we set 

9(^0 + wie) = dujo + [duji + (-l)"cjo) e, 

where Cuq is the derivative of with respect to t. Hence, for a polynomial C = X^iLi Ci^* with coefficients 
in x^^y~^ , we have (■ = Kit^^^ ■ It is not difficult to check that (r2*,9*) is a DG-category. 

In the following lemma we describe the de Rham complex associated to {VL*,d*). To simplify the 
notation, we shall write {uj) for the class of w G in Vl'^[t\ab- 

Lemma 3.6. The de Rham complex associated to 17* is isomorphic to the complex (C*,(5*), where 
C" = l}"[t]a;,©f7""Mi]a6, and 

J"((c^o) + (^i) e) = (dujo) + {duji + e. 

Proof. It is enough to prove the following identity 



= [n*[t],n*[t]r ^[n*[t],n*[t]f-^ e 



e. 



The inclusion C is a simple consequence of the following relation 

[ujo + uJie, 00 + die] = [wo, ^o] + ([^o, ^i] + {-lf"^[uji,0o]) 
To prove the other inclusion we notice that the following relations hold 

[w, 6*] = [w + Oe, 9 + Oe] and [C, C]£ = [C + Oe, + ^e] , 

for any commutators [u!,0] G and [(,£] G Therefore, [w, + [C, is a sum of commutators 

in fj". □ 

3.7. The evaluation map. Let ft* be a DG-category. For every polynomial ujq = X]r=o'^«^* with 
coefficients in and a G k, let uJo{a) := X^iLo "-^s • Furthermore, for a couple of objects a; and y in 
Co, we define the linear map x{ev2)y from x^^^[t]y ffi ri"~"^[t]a6 to ^^^JJ, by 

x{ev2)yiuJa + (wi) e) wo(a). 

Since xisv2)'j: maps a commutator [cjq, ^o] in to the commutator [LUQ{a), 0o{a)] in x^xj the family 

{xiev2)x}x(£Co induces a linear transformation 

Lemma 3.8. The family {eu"}„gN is a morphism of complexes between {^ab,dab) '^"■'^ i^ab^ '^ab)- 

Proof. We identify (fi*;,, 9*^) with the cochain complex from Lemma 13.61 Therefore, if (loq) + (ui) e is 
a cochain of degree n, then 

{ev:+' o a") ((..o) + (^i) e) = e<+i ((dc^o) + (rfc^i + (-l)"u;o) e) = {diOo){a). 

We conclude the proof by remarking that (duo) (a) = d{ujo{a)) = (d" o eu") ((wo) + ('^i) £)■ D 

In order to prove that {cwq jneN and {eu^'jngN induce the same maps in cohomology, we arc going to 
construct a homotopy map between them. 

3.9. The homotopy operator. We keep the notation and the assumptions from ^3.7\ In addition, we 
assume that the characteristic of k is zero. For any lu := J2i=o'^i^^ with coefficients in x^y~'^ we define 

It is easy to sec that the map fc" : il"[t]a6 ® il"~^[t]ab£ — !► ^"b^ given by 

xk^^{{uj), + {uj,)e)^{-ir{J^uj,dt) 
is well defined, as [(,£]dt is a sum of commutators in 51*, for any ( G x^^[t]y and ^ G y^l"^P^^[t]x. 
Lemma 3.10. The operators (— l)*fc* define a homotopy between evl and ev^. 
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Proof. Let ru := (ujq) + {uJi)e be a cochain of degree n in (i^*^, 9*^). Thus 

= i-ir+\d-\J^u;^dt)) + (Ml)) - (MO)) 

= - o fc") (tu) + (e< - eO (nj). 

This computation shows us that {—l)*k* is a homotopy between ewj and bvq. □ 

Corollary 3.11. //tu is a cocycle of degree n in (^^ab'^ab) ^^cn ev" (tu) — evQ (tn) is a coboundary. 

Now we can prove that the cohomology class of Ch^''(Af, V) docs not depend on V. Let i?"(C,f2*) 
denote the space of n-coboundaries in the de Rham complex. The cohomology class of an n-cocyclc uj 
win be denoted by w + B" {C, n*). 

Theorem 3.12. Let C be a h-linear category. We assume that h is a field of characteristic zero and 
that il* is a DG-category such that O'' = C. If M is a finitely generated projective right C-module and 
Vi, V2 : M ^ M o,re connections on M , then 

Ch«(M, Vi) + S29(C, ^*) = Ch*(A/, V2) + b2«(C, Vl*). 

Proof. Let iV be a right C-module such that M ® N = C{I). The Levi-Civita connection V'^'^ on N 
exists, as N is projective and finitely generated, being a direct summand of C(I). For i G {1, 2} we have 

Ch«(Af © A^, V, © V^*^) = Ch«(A/, V,) + Ch«(Af, V^<='). 

Therefore, by subtracting these two equations, we get 

Ch9(M, Vi) = Ch''(A/, V2) + Ch«(A/© A^, Vi © V^'^) - Ch«(A// © A^, V2 © V^'^). 

In conclusion, it is enough to prove that Ch'^(C(I), V) is a coboundary for any connection V on C{I). 
We may assume that V = V^, where A = {Xij)ij^j is a matrix with A,;j G xi^x^- 

Let J7* be the DG-category that wc constructed in the subsection 13.51 Recall that, by construction, 
fi" is the k-linear category C[t]. It has the same objects as C, and its morphism from y to x are 
polynomials with coefficients in ^Cy. On the right C[t]-module M := C[i](I), we consider the connection 
V : M ^ M®c[t\ associated to the matrix A := {\ijt + {)£)ij^i = A< + Oe. Note that Ay t-t-Oe e x,^\^ ■ 

We have already proved that w := Ch''(Af, V) is a 2(7-cocycle in so by Corollary 13. 11 1 it follows 
that evi{w) — evQ(jjj) is a coboundary in (17*^, d*;,). On the other hand, by the computation that we 
performed in i j3.2l the cocycle w equals the class in fi^^ of the trace of F = dK+K^. Since 9A = {dK)t+A.e 
and A^ ~ t^K^ + Oe, we have 

f « = (o>A + A^)-? = {{tdk + t^A^) + Ae)"^ = [tdk + t^A^y + A'e, 

where A' := (A-^). is a certain matrix with A-^ G x,^l''~^- Hence tu ^ tr ((tdA + t^A^)^) + tr(A')£. 
By the definition of the evaluation map, evai^u) = tr (ad^A + a^A^)*) . Thus, 

Ch«(C(X), V) = tr {{d^A + A2)9) = evi (w) - evo (w) . 

We conclude that Cli'(C (I) , V) is a coboundary in ^l^l, so the theorem is proved. □ 

3.13. The Chern classes. Let M be a finitely generated projective C-module, where C is a linear 
category over a field of characteristic zero. We assume that 51* is a DG-category such that its homo- 
geneous component of degree zero equals C. On M we consider a connection V on M. Note that such 
a connection always exists, as M is finitely generated and projective, so on M we can take for instance 
the Levi-Civita connection. We have just proved that the de Rham cohomology class of Ch'(M, V) in 
H'^j^{C,Q,*) does not depend on V. We shall call this cohomology class the g"^ Chern class of M, and 
we shall denote it by Ch«(A/, n*). 
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3.14. The Grothendieck group of a linear category. We keep the notation and the assumptions 
from the previous subsection. Let us denote the isomorphism class of M by [A/] . The Grothendieck 
group of C is, by definition, the quotient of the free abehan group generated by the set {[M] : M is 
finitely generated projective} through the subgroup generated by the elements [M'] + [M"] — [M' © M"] , 
where M' and M" are arbitrary finitely generated projective modules. We shall denote the Grothendieck 
group of C by Ko{C). 

We can now prove the main result of this paper. 

Theorem 3.15. Let C be a h-linear category. We assume that k is a field of characteristic zero and that 
Vl* is a DG-category such that il*^ = C. The mapping [M] Ch^'(il/) induces a morphism of groups 
fromKoiC) to H*^^iC,n*). 

Proof. Let M' and M" be two finitely generated projective C-modulc. Let V' and V" be connections 
on M' and M" , respectively. We have seen that there is a unique connection V' © V" on M' © M", 
such that its restrictions to M' and M" coincide with V' and V", respectively. Since the definition of 
the Chcrn class Ch'(M' © M") does not depend on the connection, and 

Ch''(M' © M", V' © V" = Ch«(A/', V') + Ch'^{M", V"), 

it follows that Ch9(M' © A/") = Ch''(A/') + Ch'^(A/"). Hence the theorem is proved. □ 
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